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a b s t r a c t

The cooling performance of heat spreading layers, consisting of materials that have relatively high ther-
mal conductivity embedded into heat-generating mediums, presents itself as a viable method of reducing
peak operating temperatures in, for instance, integrated power electronic applications. In this paper the
boundary condition associated with single-directional heat extraction during the cooling of a generalised
rectangular, three-dimensional heat-generating volume is considered numerically. Numerically based
correlations are given from which the cooling performance of a layered structure can be calculated. These
correlations are based on data for large ranges in geometric dimensions, thermal conductivities, fraction
of volume used for cooling purposes, and high interfacial resistance values.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

When considering for instance the shift towards the modular
integration of power electronics, it is evident that the development
of more effective cooling methods to reduce peak operating tem-
peratures has become crucial. Due to the relatively low thermal
conductivities associated with the outer material layers of these
integrated power electronic modules, surface cooling on its own
is no longer sufficient to keep core temperatures within allowed
ranges, resulting in the constituting materials themselves acting
as major thermal barriers. Associated with the high external ther-
mal impedance, a restriction is placed on the maximum achievable
power densities within such electronic modules [1,2].

Internal solid-state heat transfer augmentation of heat-generat-
ing volumes, as is found in electronic components, may be a useful
tool to allow for smaller, more powerful components. This can be
achieved by reducing the thermal resistance between hot internal
regions and cooled surface regions. One such approach entails the
creation of strategic thermal conductive pathways to aid the flow
of heat towards regions serviced by relatively higher levels of cool-
ing. This effectively should result in more uniform heat distribu-
tion within the composite volumes caused by an increase in the
equivalent thermal conductivity of the structure.

Conductive cooling, being a passive cooling scheme not depen-
dent on other support systems, exhibits some extent of reliability
and volumetric advantages. Even though the temperature drop
over long distances associated with conductive heat transfer may
ll rights reserved.

: +27 12 362 5124.
be orders higher than the temperature drops associated with, for
instance, convection or evaporation, its reliability aspect justifies
in-depth investigations into cooling methods using this heat trans-
fer mode.

More recently, conductive cooling of heat-generating volumes
has been approached as a volume-to-point or area-to-point heat
transfer problem [3–5]. For this purpose, ‘‘thermal tree” theories
were developed to describe the distribution of low thermal resis-
tant paths and to optimise heat transfer to certain points.

Even though thermal tree schemes present optimised heat
transfer performance, they more often than not require complex
geometric lay-outs, which at small dimensional scales can lead to
high manufacturing costs. In passive power electronic modules,
which typically have inductive, capacitive and transformative
functions, restrictions imposed by the electromagnetic fields dic-
tate that only parallel-running internal embedded solid geometries
can be considered. Such lay-outs, when placed in-line with mag-
netic field lines reduce the interference a cooling insert may have
on magnetic field distribution. Three-dimensional thermal path
networks are thus not suitable for such applications and much sim-
pler pathways will need to be considered.

In a previous investigation [6], the thermal performance of a
grid of discrete parallel-running high thermally conductive rectan-
gular solid inserts, aiding the flow of heat in a single-direction was
studied and geometrically optimised in terms of fixed volume use.
At the dimensional scale of interest in electronics cooling, it was
found that for such a configuration, the geometric shape of embed-
ded cooling inserts has a diminishing influence on thermal perfor-
mance as dimensions are scaled down [7]. With this in mind, it
may be appreciated that from an economic and manufacturing
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Nomenclature

aZY [–] y–z view aspect ratio of rectangular region between the
mid-plane surfaces of two adjacent heat spreading lay-
ers

CGTP [m3K/W] coefficient dependent on geometric, thermal and
material property values

e [–] exponent power of a to calculate E%;eff
E%;eff [%] effective thermal performance increase (or allowable

volumetric heat generation density increase for a given
peak temperature)

k [W/mK] thermal conductivity
_q000 [W/m3] volumetric heat generation density
R [m2K/W] interfacial thermal resistance
T [K] temperature
x [m] Cartesian axis direction
y [m] Cartesian axis direction
z [m] Cartesian axis direction

Special characters
a [–] volume fraction ratio
A [m] half x-directional dimension of heat-generating solid
B [m] half centre-to-centre offset distance between heat

spreading layers in the y direction
b [m] half y-directional width of heat spreading layer

c [–] ratio between thermal conductivities of heat spreading
layer and the heat-generating solid

e [–] relative E%;eff value in terms of maximum E%;eff
h [–] coefficient for calculating E%;eff

f [–] adjustment factor for critical layer aspect ratio in terms
of a and c.

Z [m] half z-directional dimension of heat-generating solid

Subscripts
C heat spreading layer
eff volumetric effective expression
ext external: towards external heat sink
int internal: between heat spreading layers and heat-gener-

ating material
M heat-generating medium
max maximum
min minimum
0 ambient or reference temperature

Superscripts

* critical layer condition (upper asymptotic thermal per-
formance reached)
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point of view continuous heat spreading layers provide a more
practical embedded conductive cooling configuration than a gird
of discrete parallel-running solid inserts.

In an experimental investigation a significant increase in the
allowable heat generation density could be achieved with the
inclusion of aluminium nitride layers into a ferrite magnetic core
[8]. It has also been shown that the inclusion of cooling disks into
circular electromagnets can result in higher magnetic perfor-
mances [9]. Considering the cooling performances of high conduc-
tive layers is by no means a new concept. It has long been realised
that the copper layering on printed circuit boards aid in the con-
ductive cooling of such configurations [10]. Due to the complex
nature of heat flow patterns in such conditions, rough estimates
for equivalent planar and normal conductivity have been in com-
mon use. This however is an over simplification of the thermal con-
ditions and will most likely lead to an underestimation of peak
temperatures. Little material in the literature was found which
focuses on thermal aspects of composite layered solids.

This paper focuses on thermal characterisation of uniform rect-
angular heat spreading layers and aims to provide information on
thermal performance and its dependence on material properties,
geometric sizes and shapes, as well as interfacial thermal resis-
tance. The findings reported on here are not intended to be only
relevant to a specific application but are rather intended for use
to describe the general heat removal capabilities of heat spreading
layers. A holistic approach is followed and wide ranges in material
properties, interfacial resistance values and geometric parameters
are covered.
2. Thermal modelling

Of interest to heat sink cooling is the use of one-sided and dou-
ble sided cooling where heat is allowed to be removed from a com-
ponent or a package in one direction or in two opposite directions.
In Fig. 1a, a representation is given of a general heat-generating
solid volume being cooled from two opposite sides by means of
heat sinks. The dominant heat transfer has been chosen to be in
the z-direction. The heat sinks can however be replaced by other
types of ‘‘cold regions” such as solids cooled by micro channels
or heat pipes. For the shown configuration as well as for cases of
one-sided cooling (component only being in contact with one heat
sink) heat transfer is dominant in one direction. By placing internal
heat spreading layers parallel to the dominant heat transfer direc-
tion increased heat transfer from the heat-generating solid may be
achieved. A cooling-layer model problem representative of such
condition was defined as shown in Fig. 1b. With this model the
thermal behaviour of layered structures could be investigated.

The model problem depicts a composite heat-generating solid
which is constituted by alternating heat-generating and heat
spreading layers in the y-direction, each of which has dimensions
2A and 2Z in the x- and z-directions, respectively. In the y-direc-
tion heat spreading layers are at a constant centre-to-centre offset
distance of 2B, with each layer having a thickness of 2b. The ther-
mal conductivities of the heat-generating medium and heat
spreading layer material are defined as kM [W/mK] and kC [W/
mK], respectively. For investigation purposes in this paper uniform
heat generation density within heat-generating layers is adopted
and represented henceforth by _q000M [W/m3].

Uniform internal interfacial thermal resistance between the
heat-generating layers and heat spreading layers is represented
by Rint [m2K/W], while external thermal resistance, where heat
transfer to the surroundings is permitted, is represented by Rext

[m2K/W]. All other external surfaces where heat transfer to the
surroundings is not permitted are defined as being adiabatic.

In the thermal model representing a single-directional heat
extraction case, heat transfer is only permitted towards the sur-
roundings in the positive and negative z-directions. By recognising
that the heat transfer coefficient related to free-convection is lower
than the anticipated heat transfer coefficient (via an heat sink for
instance) an assumption is made that relatively little heat transfer
from external surfaces is present in the x and y directions. Most
heat is thus expelled to the ambient via the heat sink. The
surroundings of the layered structure are defined to be at a con-
stant uniform temperature T0 which can be used as thermal refer-
ence. With this idealised simplification it is aimed to only study the
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influence of heat spreading layers on the internal effective thermal
resistance of the composite structure. The thermal characteristics
of a heat sink or other cooling devices are thus not incorporated
into this study.

Due to the repetitive structure within, the symmetric nature of
the model, and the fact that heat extraction to the surroundings in
the x- and y-directions is assumed to be relatively small, it is pos-
sible to define a smaller representative domain, with which ther-
mal calculations can be done. For the current single-directional
boundary condition, a two-dimensional representative model is
sufficient as no temperature gradients are present in the x-direc-
tion. A schematic diagram of the domain required by this boundary
condition is given in Fig. 2. The location of the peak temperature,
Tmax, is also indicated.

The representative domain had dimensions of B and Z in the
y- and z-directions. External thermal resistance was defined to be
on the positive z face of both the heat generating and heat spread-
ing layers. All other faces where defined to be adiabatic.

3. Numerical method

A numerical solution approach was followed as pure analytical
solutions for the thermal governing equations proved to be elusive.
Due to the anticipated large number of case study investigations,
which were required to thermally characterise the model prob-
lems, problem specific algorithms were developed. With these
algorithms the simulation processes could be automated, eliminat-
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ing the time-consuming pre-processing stages required in com-
mercial numerical software packages (more than 100,000
different geometric and material property cases where analysed
in this current study).

It was the purpose of the developed algorithms to calculate the
temperature fields within the domain for different input values of
B;Z; b; kM ; kC ;Rint;Rext; T0, and _q000M . In order to use a numerical solu-
tion method, the domain was decomposed into hexahedral ele-
ments defined around nodal points. Uniformly spaced grid points
(nodes) were defined in such a way that no grid points fell directly
onto surfaces where heat transfer occurred.

A vertex centred finite volume numeric method was followed to
solve for the steady state temperature field by means of a fully im-
plicit matrix approach. The same numerical method as reported on
in [11] were used in this study. With this method, the governing
differential equation (as given in (1)) is discretised for rectangular
three-dimensional control volumes and the variable being solved
(in this case temperature) is expressed in terms of variable values
of neighbouring control volumes by a single linear type equation.
The governing equation used was:
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where T [K] represents temperature. The temperature discontinuity
due to interfacial thermal resistance is obtained at the interface be-
tween heat-generating and heat-spreading layers by employing the
following equation:
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DT ¼ q00R ð2Þ

where DT [K] is the local temperature difference across the inter-
face, q00 [W/m2] is the local heat flux and R [m2K/W] is defined as
the uniform interfacial thermal resistance.

For a system with N number of grid points, N number of equa-
tions is required from which an N-by-N matrix can be constructed.
LU-decomposition [12] of the constructed matrix was employed,
where after back and forward substitution was used to obtain
the temperature solution. A typical temperature distribution as ob-
tained from the numerical model is shown in Fig. 3 for a chosen
case.

3.1. Validation of numerical models

For the developed algorithm, it was found that mesh-indepen-
dent temperature solutions are obtained when ten or more nodes
are used in all Cartesian mesh directions. When the number of
nodes is doubled, less than 1% difference in the calculated temper-
ature solutions is present. For all subsequent simulation work, ten
nodes were used in all relevant Cartesian directions.

The two-dimensional, single-directional numerical model was
validated numerically with the use of the commercially available
computational package, STAR-CD. A comparison of the tempera-
ture distributions obtained for an arbitrary case from the STAR-
CD simulation result and that of the two-dimensional numerical
model is shown in Fig. 4 along a nodal line in the y-direction where
z = 0. It was found that temperature values agreed within 0.1 K of
each other. Further validation was performed for a chosen geomet-
ric case using another commercial numerical package, MSC Nas-
tran, for different interfacial thermal resistance conditions as is
shown in Fig. 5. The temperature distribution in the z-direction
along a line where y ¼ B agreed closely for different interfacial
resistance conditions. In addition to excellent numerical agree-
ment, in a previous experimental study [8] it was found that the
two-dimensional model predicted relative thermal behaviour, for
a single-directional surface heat extraction case, within 5%.

4. Processing of results

With the numerical models it is possible to relate the maximum
temperature rise above the heat sink (or ‘‘cold region”), DTmax [K],
to the volumetric heat generation density _q000M [W/m3] in terms of a
thermo-geometric coefficient, CGTP [m3K/W] for each test case:
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DTmax ¼ _q000M=CGTP ¼ Tmax � T0 ð3Þ

Refer to Fig. 2 for the position of the maximum temperature.
The effective volumetric heat generation density increase at a

fixed peak temperature, E%;effective [%], can be obtained by comparing
the heat generation density of a volume consisting of a uniform
heat-generating medium without cooling (reference) and that of
a volume which has heat spreading layers. It is defined as the per-
centage increase in the heat generation density in the heating lay-
ers, which the composite volume containing heat spreading layers
can accommodate while maintaining the original peak tempera-
ture (DTmax held constant):

E%;eff ¼ 100ð1� aÞ
_q000M;with cooling

_q000M;no cooling

�����
DTmax¼Const

� 1

 !
ð4Þ

thus,

E%;eff ¼ 100ð1� aÞ CGTP;with cooling

CGTP;no cooling

����
DTmax¼Const

� 1

 !
ð5Þ

Here a refers to the volume fraction ðb=BÞ occupied by the heat
spreading layers.

5. Trends and results for cases with no thermal interfacial
resistances

It was found that in cases where no internal or external thermal
interfacial resistances are present, E%;eff is not dependent on the
absolute magnitudes of the thermal conductivities, but rather on
their thermal conductivity ratio, c [–], defined as:

c ¼ kC=kM ð6Þ

This occurrence might be due to the fact that thermal interfacial
resistance is an area based variable while internal heat generation
is volume based. Similarly, only the slenderness ratio of the two-
dimensional area between the mid-plane surfaces of neighbouring
heat spreading layers, aZY , influence E%;eff , and not the absolute mag-
nitude of B and Z. Here aZY is defined as follows:

aZY ¼Z=B ð7Þ

In Fig. 6 the impact of these two non-dimensional ratios on E%;eff is
demonstrated for a values of 0.1, 0.2, and 0.5 (10%, 20% and 50% of
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volume used for cooling purposes). From the graphs it follows that
an increase in a or c results in higher E%;eff values.

In cases with a particular a and c, it was found that E%;eff ap-
proaches an upper limit asymptote, E%;eff ;max, as the number of heat
spreading layers is increased and their thickness reduced in pro-
portion (thus maintaining a constant a value). This maximum
value was found to be dependent only on a and c and can be
expressed as follows:

E%;eff ;max ¼ 100ac ð8Þ

However, when the heat spreading layers’ offset distances are
excessively large, the thermal performance of a component can be
deteriorated by the inclusion of heat spreading layers. The lower
limit of E%;eff is dependent only upon a and can be expressed as:

E%;eff ;min ¼ �100a ð9Þ

Eq. (8) gives the ultimate maximum value heat generation density
can be increased by for a fixed volume fraction and relative cooling
material thermal conductivity. Practically this maximum value can
be approached by reducing both thermal interfacial resistances (if
this value is appreciable) and the thickness of the alternating heat-
ing and heat spreading layers.

5.1. Critical layer conditions

It was found however that this equation is only valid for calcu-
lating E%;eff ;max values once the critical heat spreading layer thick-
ness and offset condition have been reached. The equation can
thus not be used with confidence to compare different a and c
cases if this is not true. The slenderness or narrowness of the vol-
ume between two neighbouring heat spreading layers in the z
direction can be used to describe relative layer thickness. When
using the z direction, aZY can be utilised to describe critical relative
conditions, which is denoted here by a�ZY . Critical conditions are as-
sumed to have been reached once the following conditions are true
(see dashed lines in Fig. 6a):

E%;eff P 0:99E%;eff ;max ð10Þ

Once this condition has been reached, no significant additional ther-
mal performance increase is obtained by further increasing the
number of heat spreading layers and reducing their thickness in
proportion. The dependence of a�ZY on a and c is demonstrated in
Fig. 7 in cases where no thermal interfacial resistance is present.

From this graph it can be observed that a�ZY reaches a maximum
at a ¼ 0:5 and that a�ZY increases as c increases (higher a�ZY values
represent conditions with thinner heat spreading layers). Practi-
cally this means that in relation, utilising heat spreading layers
with higher thermal conductivities would require more, and thin-
ner, heat spreading layers to reach maximum E%;eff values, than
would have been the case when using lower thermal conductivity
layers. Even though higher thermal conductivity layers exhibit
higher maximum E%;eff values, their ability to reach such conditions
becomes very dependent upon the practical manufacturing limit of
producing heat spreading layers which are thin enough. The mini-
mum layer thickness might vary depending on the manufacturing
method used and the mechanical material properties of the layers.
Aspects such as thermally induced stress can also have an impact
on practical layer thickness.

5.2. Non-critical layer conditions

In cases where critical layer thickness and offset distances are
not present, E%;eff values below that of E%;eff ;max are exhibited by
the system. For explanatory purposes a relative E%;eff value is de-
fined as follows:

e ¼ E%;eff

E%;eff ;max
¼ E%;eff

100ac
ð11Þ

Ratio e is thus the proportion between the achievable E%;eff for cer-
tain heat spreading layer and offset distance conditions, and the
ultimate maximum E%;eff value expressed by Eq. (8). E%;eff can thus
be expressed as follows for cases without thermal interfacial
resistance:

E%;eff ¼ 100ace ð12Þ

Fig. 8 demonstrates the dependence of e upon a, c and the
ratio aZY=a�ZY . The ratio aZY=a�ZY serves as an indication of relative
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layer-thickness and offset-distance conditions in terms of the criti-
cal layer thickness and offset-distance condition. From the graph it
can be observed that e is not significantly impacted on by a at c val-
ues above 30. Also, very constant e values are obtained for a wide
range of c values and it was found that for aZY=a�ZY ratios of 0.5,
0.2 and 0.1, e values in the regions of 0.95, 0.8 and 0.5, respectively,
are obtained. This corresponds to E%;eff values of 95%, 80% and 50% of
the ultimate E%;eff values predicted by Eq. (8).

By combining Eq. (12) with the definitions given in Eqs. (3) and
(5) the following expression for the expected peak temperature can
be obtained for conditions when no interfacial thermal resistance
is present, internally or externally:

Tmax � T0 þ
ð1� aÞZ2

2kMð1þ ace� aÞ
_q000M ð13Þ

Here CGTP;no cooling ¼ 2kM

Z2 as can be obtained by considering a one-
dimensional temperature field in the dominant heat transfer direc-
tion towards the heat sinks. With the e values contained in Fig. 8 Eq.
(13) can be used to determine the expected peak temperature in a
composite layered structure for a large range in geometric and
material property values applicable to a single-directional heat-
extraction case. The accuracy of this estimation is determined by
the accuracy of e.

6. Some trends for cases with thermal interfacial resistances

As demonstrated in Fig. 9 as an example case, the presence of
thermal interfacial resistance, internally, Rint , and externally, Rex,
can dramatically increase the maximum peak temperature within
a heat-generating solid. Thus, the presence of thermal interfacial
resistance impacts negatively on the thermal performance of an
embedded heat spreading layer scheme.

From a previous investigation [8] thermal interfacial resistance
between ceramics (a suitable heat spreading material type to use
in the presence of magnetic fields) and metals were found to be
in the order of 0.001 and 0.0001 m2K/W when being held together
via mechanical means. The use of silver loaded adhesives also
exhibited similarly sized interfacial thermal resistances. In interest
of an holistic approach the range in thermal interfacial resistance
reported on in this paper was extended to include values as great
as 0.1 m2K/W (thermal interfacial resistances of greater than
0.001 m2K/W may prove not to be practical at small or thinly
spaced layers).

When thermal interfacial resistances are present the simplifica-
tions obtained by the use of ratios only, to demonstrate the impact
of thermal conductivities via c and geometrical shapes via aZY , are
no longer adequate to describe E%;eff values. When thermal interfa-
cial resistance is present, not only is the shape of the heat-generat-
ing solid between two neighbouring heat spreading layers of
importance, but also its physical size. Likewise, the physical mag-
nitude of thermal conductivities becomes important, and not just
the ratio between them.

The above-mentioned issues significantly increase the complex-
ity of describing thermal performance levels for different geomet-
ric shapes, thermal conductivity and interfacial resistance values.
Unlike before, single data-lines can no longer be used to describe
a set of related cases. Instead, each combination of geometric as-
pect ratio(s), thermal conductivity sets, and thermal interfacial
resistance values now requires separate trend lines.

6.1. Critical layer conditions

As before, it was found that the ultimate maximum thermal
performance, E%;eff ;max, is still dependent upon a, c, but now re-
quires additional parameters as expressed below:

E%;eff ;max ¼ 100aehc: ð14Þ

Here e and h are parameters that are dependent upon kC , kM , Rint , Rext

and Z. The format of this equation was derived from numerical re-
sults and was found to describe changes in E%;eff ;max adequately. In
conditions when critical heat spreading layer thickness and offset
conditions have been reached, it was found that the internal inter-
facial resistance value has little impact on E%;effective. This might be
due to the thermal resistance associated with longitudinal heat con-
duction in the thin-layered heat-generating medium becoming
dominant due to the reduced cross-sectional area of each layer.
The impact of thermal conductivity, external thermal interfacial
resistance and Z can be described by using a powerful non-dimen-
sional number, Z=kMRext . The values of h and e are given in Figs. 10
and 11, respectively, in terms of c and Z=kMRext . The values of e and
h were obtained by doing data fits on numerical data for different
Z=kMRext values over a range covering nine a values from 0.1 to
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Fig. 11. Coefficient h in Eq. (14).

1380 J. Dirker, J.P. Meyer / International Journal of Heat and Mass Transfer 52 (2009) 1374–1384
0.9. The coefficient of determination (statistical term R2) was found
to be greater than 0.99 in all cases represented in these figures.

From Fig. 10 it is evident that the exponent of a, in Eq. (14) is
heavily dependent on c and Z=kMRext . An increase in c results in re-
duced values of the exponent e. In a region of 1–10 for Z=kMRext , it
can be seen that c has the most dramatic influence on e. It is in this
region where e reaches its lowest value. For Z=kMRext values above
1000 and below 0.01, e has a value close to 1.
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From Fig. 11 it can be observed that as with exponent e, the
coefficient h in Eq. (14) is also heavily dependent on c and
Z=kMRext . Increased c values result in reduced h values. As
Z=kMRext values become smaller they also result in lower h values
with h reaching asymptotic limits when Z=kMRext is in the region of
0.01. The asymptotic values were found to be equal to c�1.

It was further found that Rint values smaller than 0.1 m2K/W,
have a much lower influence on E%;eff ;max than Rext , but only when
critical layer thickness and offset distances have been reached. It
was found that E%;eff ;max normally decreases by less than 1% if Rint

was to be changed from 0 m2K/W to 0.1 m2K/W. It can safely be as-
sumed that most practical cases will fall within this range. For crit-
ical conditions it appears as if the thermal resistance associated
across the internal interface is still appreciably smaller than the
conductive thermal resistance to the ambient via the heat-generat-
ing material.

With the data given in Figs. 10 and 11 it is possible to calculate
the ultimate maximum E%;eff value which can be obtained for a sin-
gle-directional heat extraction case where thermal interfacial
resistance is present. This calculation can be done for any z-direc-
tional dimension of the heat-generating medium, any thermal con-
ductivity values of the heat spreading layer and heat-generating
medium, and any thermal interfacial resistance value. It might be
noted that the inclusion of e and h into Eq. (14) results in lower
E%;eff ;max values than was the case when no thermal interfacial
resistance was present and E%;eff ;max could be described by Eq. (8).
As expected, for low Rext values the results of Eq. (14) approach that
of Eq. (8) as Z=kMRext tends to infinity.

It was found that the measure of how closely a case is to critical
layer conditions, a�ZY , is dependent on a, c, the ratio between Rint

and Rext , and Z=kMRext . With thermal interfacial resistance present,
critical a�ZY threshold values are given in Fig. 12 for a wide range of
c and Z=kMRext values for a conditions where Rint ¼ Rext . Unlike for
conditions where no interfacial thermal resistance is present, a�ZY

values are no longer symmetric around a ¼ 0:5 as was the case
in Fig. 7. Instead, it was found that for low Z=kMRext (indicating high
Rint and Rext values) higher a�ZY values are present at small a values
than for larger a values as is evident by comparing graphs for
a ¼ 0:3 and a ¼ 0:5 in Fig. 12. The difference in a�ZY at low
Z=kMRext values when a ¼ 0:3 and a ¼ 0:7, demonstrates the
unsymmetrical behaviour around a ¼ 0:5 when thermal interfacial
resistance is present.

With the information given in Fig. 12, the maximum heat
spreading layer thickness (in terms of a�ZY ) can be obtained for
which Eq. (14) can be used to determine E%;eff . The trends in these
graphs are however only valid for conditions where Rint ¼ Rext .
When Rint–Rext , the given a�ZY values need to be adjusted.

It was found that when Rint < Rext ðRint=Rext < 1Þ, lower aZY val-
ues (thicker material layers) are adequate to reach critical condi-
tions than when Rint ¼ Rext ðRint=Rext ¼ 1Þ, and that significantly
higher aZY values (thinner material layers) are needed when
Rint > Rext ðRint=Rext > 1Þ. From a practical point of view, it is ex-
pected that the external interfacial resistance would be greater
than internal interfacial resistance values if the composite heat-
generating component with embedded heat spreading layers was
manufactured efficiently from a thermal interfacial resistance
point of view. For this reason only Rint=Rext < 1 is considered to a
deeper extent here.

An adjustment factor, f 2 ð0; 1�, can be defined with which a�ZY

values, as given in Fig. 12, should be changed for cases when
Rint–Rext:

a�ZY;Rint=Rext<1 ¼ fa�ZY ;Rint=Rext¼1 ð15Þ

It was found that the precise adjustment factor, for a particular
Z=kMRext and Rint=Rext case can be heavily dependent upon a and c,
as is demonstrated in an arbitrary case in Fig. 13 when Z=kMRext ¼
200 and Rint=Rext ¼ 0:5. In general, it was found that smaller f values
are obtained when either a or c is increased. Due to the complexity
of the trends involved, only general tendencies of a�ZY in terms of
Z=kMRext and Rint=Rext will be indicated here.

To conform to the rest of this paper, c values in the range of 2–
2000, a values from 0.1 to 0.9, and Z=kMRext from 10 to 10,000 are
considered. Only median adjustment factors and their standard
deviations for these ranges are supplied for different Rint=Rext val-
ues. In Fig. 14 these values of f are given for Rint=Rext ranging from
0.01 to 0.75. It can be seen that the adjustment factor approaches a
value of 1 as Z=kMRext increases and that the greatest adjustment in
a�ZY is required when Z=kMRext is small and when there is a large dif-
ference between Rint and Rext . Standard deviation of f is at its largest
for all Rint=Rext values when Z=kMRext is in the range of 60–80, indi-
cating the largest uncertainty in exact f in terms of a and c.

With the information supplied in Fig. 14 it is possible to deter-
mine with relative certainty, in terms of layer thickness, when Eq.
(14) can be utilised to predict the thermal performance of a heat
extraction system with considerable levels of thermal interfacial
resistance.

6.2. Non-critical layer conditions

When manufacturing techniques do not allow for thin enough
material layer thickness, and critical conditions have not been
reached, the thermal performance that could be expected will be
reduced as is discussed in this section. As before, the impact of
non-critical layering conditions on E%;eff can be expressed by add-
ing e to Eq. (14) in cases where interfacial resistance is present:

E%;eff ¼ 100haece ð16Þ

It can be expected that e would be less than 1. As with the first seg-
ment of this paper, it was found that e is influenced by a, c and
aZY=a�ZY . Additionally, e is now also dependent on Z=kMRext and
Rint=Rext .

It was found that in terms of Z=kMRext , a and c have a relatively
small influence on e. Due to this, and the complexity of individual
trends, only combined generalised trends of a and c are given here
for different non-dimensional Z=kMRext and Rint=Rext values. The
ranges of a and c considered here are, respectively, from 0.1 to
0.9 and 2 to 2000. In Fig. 15 the median e and standard deviation
of e for these a and c ranges are given in terms of Z=kMRext for
Rint=Rext values of 1, 0.5, 0.2 and 0.1 (each data point is based on
90 combinations of a and c). Here aZY=a�ZY values of 0.5, 0.2, 0.1,
0.05, 0.02 and 0.01 are considered representing conditions where
layer thickness are 2, 5, 10, 20, 50 and 100 times greater than
the critical layer thickness described in Eq. (15).

From the graphs in Fig. 15 it can be seen that as expected, e is
reduced as layer conditions resemble critical conditions to a lesser
extent (thus smaller aZY=a�ZY values are prevalent which represent
higher relative layer thickness). In cases where actual relative layer
thickness is twice the layer thickness required for critical condi-
tions (represented by aZY=a�ZY ¼ 0:5), e was found to be in the re-
gion of 0.96 for all a, c, Rint=Rext , and Z=kMRext combinations (this
is similar to the trends obtained for conditions without thermal
interfacial resistance). From this, it may be expected that only
about 3–4% of cooling performance will be sacrificed when dou-
bling both heat-generating and heat spreading layer thickness. This
may result in a dramatic decrease in manufacturing costs without
losing a significant amount of cooling capability.

It was found that e is more dependent upon a, c, Rint=Rext , and
Z=kMRext as aZY=a�ZY becomes smaller. The dependence of e on a
and c is evident by considering the higher standard deviation val-
ues of e obtained for such cases. Due to the complexity of trends in
these regions, individual dependencies on a and c are omitted from
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Fig. 15. Median and standard deviation e values for various Rint=Rext ratios and non-critical layer conditions. The results are based on 90 combinations of a ¼ 0:1 to a ¼ 0:9,
and c ¼ 2 to c ¼ 2000.
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this paper (refer to Fig. 16 for an arbitrary extreme case indicating
the non-elementary behaviour of e).
In terms of Rint=Rext , it was found that e is reduced to a greater
extent when Rint=Rext values are relatively small. Practically it
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may thus be expected that e, and thus thermal performance, will
be more sensitive toward layer condition when Rint is small in
terms of Rext . In general it was found that e is less dependent on
layer conditions when Z=kMRext is reduced. This represents condi-
tions where layers are further apart in the z-direction or when
higher thermal conductive materials are being used, or when
external thermal resistance is relatively high.

When considering the standard deviation results, they were
also found to exhibit complex trends. High standard deviation val-
ues indicate a higher uncertainty associated with using the median
e values to incorporate the impact of a and c. It was found that the
standard deviation peaked at different Z=kMRext values for different
Rint=Rext and aZY=a�ZY conditions and that in general the standard
deviation was below 0.05 in cases when Z=kMRext was higher than
1000. Standard deviation values were also found to be lower as
Rint=Rext became smaller.

As before, for cases without thermal interfacial resistance, an
expression can be obtained for the expected maximum peak tem-
perature when thermal interfacial resistance is significant. This is
done by combining Eq. (16) with the definitions given in Eqs. (3)
and (5):

Tmax � T0 þ
ðZ2 þ 2kMZRextÞð1� aÞ

2kMðhaece� aþ 1Þ
_q000M ð17Þ

Here CGTP;no cooling ¼ 2kM

Z2þ2kM ZRext
, as can be obtained by considering a

one-dimensional temperature field in the dominant heat transfer
direction towards the heat sinks. Thermal resistance on the inter-
face with the heat sinks are incorporated by including Rext in this
expression.

By obtaining e, e and h values from figures such as Figs. 13, 8 and
9, respectively, Eq. (17) can be used to determine the expected
peak maximum temperature in a layered composite structure for
single-directional heat extraction with thermal interfacial resis-
tance considered both internally and externally. The accuracy of
this estimation is most dependent on the accuracy of e. (The trends
for e and h had coefficients of determination of greater than 0.99.)

7. Conclusion

It has been found that the increase in allowable power densities
in composite layered structures with embedded heat spreader is
directly proportional to the volume fraction used for heat spread-
ing layers, and the ratio between the thermal conductivities of
the heat-generating and heat-spreading layer materials. This is
true for cases where thermal interfacial resistance is negligible.
However, in conditions where interfacial thermal resistance is
present either internally or externally, or both, the thermal perfor-
mance increase was found to be also dependent on the geometric
size of the volume, the individual thermal conductivities of the
material involved, as well as the individual thermal interfacial
resistance values and the ratio between them. Correlations for
the upper asymptotic thermal performance values were derived
for conditions where the material layers become narrow and thin
enough along the heat extraction direction. The published correla-
tions for these upper limits agreed to within 1% of the numerical
data. Similar correlations were also derived in cases where mate-
rial layering is not in this state. Equations were derived with which
the peak maximum temperature in a layered structure (subject to
the specified boundary conditions) can be estimated with.
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